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We investigate the bulk orbital angular momentum (AM) in a two-dimensional hole-doped topological su-
perconductor (SC) which is composed of a hole-doped semiconductor thin film, a magnetic insulator, and an
s-wave SC and is characterized by the Chern numberC = −3. In the topological phase, Lz/N is strongly reduced
from the intrinsic value by the non-particle-hole-symmetric edge states as in the corresponding chiral f -wave
SCs when the spin-orbit interactions (SOIs) are small, while this reduction of Lz/N does not work for the large
SOIs. Here Lz and N are the bulk orbital AM and the total number of particles at zero temperature, respectively.
As a result, Lz/N is discontinuous or continuous at the topological phase transition depending on the strengths
of the SOIs. We also discuss the effects of the edge states by calculating the radial distributions of the orbital
AM.
PACS numbers: 74.20.-z,74.20.Rp
I. INTRODUCTION
Orbital angular momentum (AM) is one of the most fun-
damental quantities in classical and quantum mechanics. In
condensed matter physics, the bulk orbital AM in chiral su-
perconductors (SCs) has been intensively studied1–20. A chi-
ral SC is an exotic SC whose Cooper pairs carry nonzero or-
bital AM `, and hence the time-reversal symmetry is sponta-
neously broken. 3He-A is the only material experimentally
established as a chiral superfluid, whose pairing symmetry is
chiral p wave15. Also, Sr2RuO4 is widely believed to be a
chiral p-wave SC21,22. Therefore, most of the previous studies
have focused on chiral p wave and at least theoretically con-
cluded Lz/N = +1/2 in an ideal situation, where Lz and N are
the bulk orbital AM and the total number of particles at zero
temperature, respectively1–13. In general, chiral SCs with ` are
expected to have Lz/N = `/2 without an edge or a vortex13,
which we call the intrinsic value.
Recently, it was found that the bulk orbital AM in two-
dimensional chiral SCs with ` > 1 is remarkably reduced as
Lz/N = o(1)18–20. In two dimensions, chiral SCs are gapped
and are topological SCs characterized by the Chern number
C = ` and the presence of the Majorana edge states. When
` = 1, only one edge state is particle-hole symmetric (PHS)
by itself and is called the PHS edge state18. On the other
hand, when ` > 1 is even, each edge state is PHS with an-
other but not PHS by itself. Such edge states are called the
non-PHS edge states18. When ` > 1 is odd, there are the
PHS and non-PHS edge states. The non-PHS edge states give
rise to the nonzero spectral asymmetry and reduce the bulk
orbital AM from the intrinsic value Lz/N = `/2. Although
chiral d or f wave has been proposed in UPt323, URu2Si224–27,
and SrPtAs28–30, the theory cannot be applied to these three-
dimensional materials with nodes directly.
Apparently, the above reduction of the bulk orbital AM re-
quires not ` > 1 but C > 1. Realization of two-dimensional
time-reversal broken topological SCs with C > 1 is classi-
fied into two types. The first type is intrinsic, namely, without
impurities, and can be realized in a quantum anomalous Hall
insulator in proximity to an s-wave SC31, a heterostructure of
a hole-doped semiconductor thin film, a magnetic insulator,
and an s-wave SC32, and the systems with the help of p-wave
SCs33–35. The second type relies on impurities and can be re-
alized in a lattice of magnetic impurities on the surface of an
s-wave SC with the Rashba spin-orbit interaction (SOI)36,37
and that of nonmagnetic impurities in a chiral p-wave SC38. In
these proposals, arbitrarily high Chern numbers are available
in principle. In return for using a conventional s-wave SC,
SOIs play an important role in generating the effective chi-
rality of Cooper pairs. Among these proposals, a hole-doped
topological SC proposed in Ref. 32 is a natural extension of
an electron-doped topological SC composed of an electron-
doped semiconductor thin film, a magnetic insulator, and an
s-wave SC39–41 and offers an experimentally feasible system
to verify the theory of the bulk orbital AM. We note that hole-
doped semiconductors accompanied by ferromagnetism can
be realized by Mn doping and are called dilute magnetic semi-
conductors42,43. However, it is not trivial how the bulk orbital
AM is reduced in this system because the orbital AM is not
conserved in the presence of the SOIs.
In this paper, we investigate the bulk orbital AM in a hole-
doped topological SC32 comparing with that in an electron-
doped topological SC39–41. We calculate the bulk orbital AM
both by the Green’s function formula13 and on a circular disk.
As mentioned above, the non-PHS edge states dramatically
reduce the bulk orbital AM in the case of C > 1. In addition,
Tsutumi and Machida pointed out that Lz/N = +1/2 in chi-
ral p-wave SCs consists of LMJz /N = +1 from the Majorana
edge state and Lcontz = −1/2 from the continuum states12. The
authors already found that Lz/N in an electron-doped topolog-
ical SC is continuous at the topological phase transition and is
nonzero even in the trivial phase which does not support the
Majorana edge state44. Therefore it is important to reveal the
difference of the contributions to the bulk orbital AM from
the PHS edge, non-PHS edge, and continuum states. We also
discuss the effects of the SOIs which are indispensable for
topological SCs.
We find that the conserved quantity is modified by SOIs.
When the Chern number is higher than 1, it can be nonzero
owing to the presence of the non-PHS edge states and the
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2nonzero spectral asymmetry, which results in the reduction
of the bulk orbital AM as shown in Refs. 18–20. Since the
bulk orbital AM calculated in the reciprocal space is contin-
uous at the topological phase transition, that calculated in the
real space shows a jump. Differently from the existing litera-
ture, this reduction is not universal and can be tuned by SOIs
in this system.
II. MODEL
First, we review a hole-doped topological SC composed of
a hole-doped semiconductor thin film, a magnetic insulator,
and an s-wave SC32,
H~k =[ξ1k −
√
3ξ2k(Γ4 cos 2φ + Γ3 sin 2φ)
+ (ξ2k −W)Γ5 + 2αk( jy cos φ − jx sin φ)]τz − 2h jz
+ [(∆H − ∆L)/2 + (∆H + ∆L)Γ5/2]τx, (1)
where we choose the Nambu basis, Ψ~k =
[c~k+3/2, c~k+1/2, c~k−1/2, c~k−3/2, c
†
−~k−3/2,−c
†
−~k−1/2, c
†
−~k+1/2,−c
†
−~k+3/2]
T.
~τ is a set of the Pauli matrices for the Nambu space, and ~j
is the total AM of j = 3/2 holes but is called spin to avoid
confusion below. We use the standard representation,
jx =

√
3/2√
3/2 1
1
√
3/2√
3/2
 , (2a)
jy =

−√3i/2√
3i/2 −i
i −√3i/2√
3i/2
 , (2b)
jz =

3/2
1/2
−1/2
−3/2
 , (2c)
and construct the Γ matrices satisfying the anticommutation
relations {Γa,Γb} = 2δab45,
Γ1 ={ jy, jz}/
√
3 =

−i
i
i
−i
 , (3a)
Γ2 ={ jz, jx}/
√
3 =

1
1
−1
−1
 , (3b)
Γ3 ={ jx, jy}/
√
3 =

−i
−i
i
i
 , (3c)
Γ4 =( j2x − j2y)/
√
3 =

1
1
1
1
 , (3d)
Γ5 = j2z − 5/4 =

1
−1
−1
1
 . (3e)
The first, second, and third terms in Eq. (1) are the two-
dimensional Luttinger Hamiltonian, which describes a hole-
doped semiconductor thin film46. We define ξ1k = γ1k2/2m−µ
and ξ2k = γ2k2/2m, in which ~k = k[cos φ, sin φ] is a two-
dimensional wavevector, γ1 and γ2 are the Luttinger parame-
ters, and µ is the chemical potential. In a hole-doped semi-
conductor, confinement into a quantum well yields quanti-
zation of momentum 〈kz〉 = 0 and 〈k2z 〉 , 0 and opens up
the gap W = γ2〈k2z 〉/m between the heavy-hole bands with
jz = ±3/2 and the light-hole bands with jz = ±1/2. This point
is a crucial difference from an electron-doped semiconductor,
in which confinement just shifts the chemical potential. The
fourth and fifth terms are the Rashba SOI and the Zeeman
interaction, respectively, and the sixth and seventh terms are
the s-wave pairing potentials induced by the proximity effect.
Note that we neglect some terms allowed by the theory of in-
variants46.
The topological phase transitions occur when the gap closes
at k = 0. We can analytically obtain eight eigenvalues,
±3h ±
√
(µ + W)2 + ∆2H and ±h ±
√
(µ −W)2 + ∆2L, and two
phase transition lines, 3hcH =
√
(µ + W)2 + ∆2H and hcL =√
(µ −W)2 + ∆2L, where the Chern number changes by −3 and
−1, respectively. The phase diagrams for different ∆H and ∆L
are shown in Fig. 1. C = −3 is realized when the chemical
potential lies in the lowest heavy-hole band alone, which is
described by the cubic Rashba model with the Zeeman inter-
action in the large-W limit32. We should note that the gap may
accidentally close at k , 0, which does not change the Chern
number.
Below we put γ1 = 1, γ2 = 0.3, m = 0.5, µ = 0, W = 1,
∆H = −∆L = 1 focusing on Fig. 1(a), leading to hcH = 0.47
and hcL = 1.41. Once we choose energy and wavenumber
units, the remaining important parameters are γ2/γ1, µ/W,
2mα2/γ1W, h/W, ∆H/W, and ∆L/W. Among these, ∆H/W
and ∆L/W drastically change the phase diagram as shown in
Fig. 1. Here we arbitrarily choose ∆H/W = −∆L/W = 1
since we cannot estimate their experimental values. γ2/γ1
takes 0.2-0.4 for typical III-V semiconductors such as GaAs47,
and hence our choice of γ2/γ1 = 0.3 is realistic. µ/W can be
tuned experimentally by doping carriers or applying an exter-
nal field. Note that W is about 16meV for a GaAs quantum
well with 100Å thickness.
III. METHODS
We calculate the bulk orbital AM in two ways. One is based
on the Green’s function formula in the reciprocal space13.
Since there is no edge state in the periodic boundary condition,
we do not discuss the effects of the non-PHS edge states but
interpret the resulting bulk orbital AM as the intrinsic value.
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FIG. 1. Phase diagrams in terms of the Chern number for (a) |∆H/W | = |∆L/W | = 1 and (b) |∆H/W | = |∆L/W | = 0.35.
Here we calculate the Hall viscosity 2ηH, which is known to
be equal to the bulk orbital AM Lz in two-dimensional gapped
systems at zero temperature48–50. By using the Matsubara
Green’s function G(iωn,~k) = (iωn − H~k)−1, the Chern num-
ber51 and the Hall viscosity13 can be evaluated by
C =
1
6i
abc
∫
d3k
(2pi)2
trG∂kaG−1G∂kbG−1G∂kcG−1, (4a)
2ηH =
1
12i
abc
∫
d3k
(2pi)3
~k2 trG∂kaG−1G∂kbG−1G∂kcG−1. (4b)
Here we introduce k0 = iωn, and abc is the totally antisym-
metric tensor with 012 = 1. Although the integrals are carried
out over the (iωn,~k) space, the prefactor ~k2 in Eq. (4b) is in
two dimensions.
The other way is a straightforward calculation in the real space. We solve the Bogoliubov-de Gennes (BdG) equation
H−i~∇Ψ`i(~r) = E`iΨ`i(~r) on a disk with its radius R. Since the system preserves the rotational symmetry, the BdG wave function
can be expressed as
Ψ`i(~r) = (2pi)−1/2ei`φ[u`i0(r), eiφu`i1(r), e2iφu`i2(r), e3iφu`i3(r), v`i0(r), eiφv`i1(r), e2iφv`i2(r), e3iφv`i3(r)]T, (5)
and the radial BdG equation is written by
[−(γ1 + γ2)L`(r)/2m − µ −W − 3h]u`i0(r) −
√
3αR`+1(r)u`i1(r) + (
√
3γ2/2m)S`+2(r)u`i2(r)
+ ∆Hv`i0(r) = E`iu`i0(r), (6a)√
3αR−`(r)u`i0(r) + [−(γ1 − γ2)L`+1(r)/2m − µ + W − h]u`i1(r) − 2αR`+2(r)u`i2(r) + (
√
3γ2/2m)S`+3(r)u`i3(r)
− ∆Lv`i1(r) = E`iu`i1(r), (6b)
(
√
3γ2/2m)S−`(r)u`i0(r) + 2αR−(`+1)(r)u`i1(r) + [−(γ1 − γ2)L`+2(r)/2m − µ + W + h]u`i2(r) −
√
3αR`+3(r)u`i3(r)
− ∆Lv`i2(r) = E`iu`i2(r), (6c)
(
√
3γ2/2m)S−(`+1)(r)u`i1(r) +
√
3αR−(`+2)(r)u`i2(r) + [−(γ1 + γ2)L`+3(r)/2m − µ −W + 3h]u`i3(r)
+ ∆Hv`i3(r) = E`iu`i3(r), (6d)
− [−(γ1 + γ2)L`(r)/2m − µ −W + 3h]v`i0(r) +
√
3αR`+1(r)v`i1(r) − (
√
3γ2/2m)S`+2(r)u`i2(r)
+ ∆Hu`i0(r) = E`iv`i0(r), (6e)
− √3αR−`(r)v`i0(r) − [−(γ1 − γ2)L`+1(r)/2m − µ + W + h]v`i1(r) + 2αR`+2(r)v`i2(r) − (
√
3γ2/2m)S`+3(r)v`i3(r)
− ∆Lu`i1(r) = E`iv`i1(r), (6f)
− (√3γ2/2m)S−`(r)v`i0(r) − 2αR−(`+1)(r)v`i1(r) − [−(γ1 − γ2)L`+2(r)/2m − µ + W − h]v`i2(r) +
√
3αR`+3(r)v`i3(r)
− ∆Lu`i2(r) = E`iv`i2(r), (6g)
− (√3γ2/2m)S−(`+1)(r)v`i1(r) −
√
3αR−(`+2)(r)v`i2(r) − [−(γ1 + γ2)L`+3(r)/2m − µ −W − 3h]v`i3(r)
+ ∆Hu`i3(r) = E`iv`i3(r), (6h)
Here we introduce L`(r) ≡ ∂2r + (1/r)∂r − `2/r2, R`+1(r) ≡ ∂r + (` + 1)/r, and S`+2(r) ≡ ∂2r + [(2` + 3)/r]∂r + `(` + 2)/r2. We
impose the boundary conditions g′(0) = g(R) = 0 (g = u`im, v`im) and the normalization condition,∫ R
0
rdr[u2`i(r) + v
2
`i(r)] = 1. (7)
4Owing to the PHSH~k = −CH∗−~kC
† with C = −ieipi jyτy, when the BdG wave function Eq. (5) has the eigenvalue E`i,
CΨ∗`i(~r) = (2pi)
−1/2e−i(`+3)φ[−v`i3, eiφv`i2,−e2iφv`i1, e3iφv`i0, u`i3,−eiφu`i2, e2iφu`i1,−e3iφu`i0]T, (8)
has the eigenvalue −E`i. Therefore we only have to solve the radial BdG equation Eq. (6) for ` ≥ −1. The total number of
particles N, the total spin Jz, and the bulk orbital AM Lz can be calculated by
N =
`max∑
`=−1
∑
i
∫ R
0
rdr[u2`i(r) f (E`i) + v
2
`i(r) f (−E`i)], (9a)
Jz =
`max∑
`=−1
∑
i
∫ R
0
rdr[uT`i(r) jzu`i(r) f (E`i) − vT`i(r) jzv`i(r) f (−E`i)], (9b)
Lz =
`max∑
`=−1
(` + 3/2)
∑
i
∫ R
0
rdr[u2`i(r) f (E`i) − v2`i(r) f (−E`i)] − Jz, (9c)
respectively, in which f (z) = θ(−z) is the Fermi-Dirac dis-
tribution function at T = 0. We use the central difference
method with Ng grid points, which reduces a set of the differ-
ential equations Eq. (6) to the 8Ng × 8Ng eigenvalue problem.
We put the disk radius R = 50, the number of grid points
Ng = 500, and the AM cutoff `max = 512 − 2. Figure 2
shows the low-energy spectra for C = 0,−3,−4. There are
one PHS edge mode and one pair of the non-PHS edge modes
in Fig. 2(b), which results from C = −3. On the other hand,
there are two pairs of the non-PHS edge modes in Fig. 2(c),
which results from C = −4.
IV. RESULTS
Figure 3 shows the h and α dependences of the total spin
Jz/N and the bulk orbital AM Lz/N obtained by the real and
reciprocal spaces. We find that Jz/N obtained by the real space
always coincides with that by the reciprocal space, while Lz/N
obtained by the real space is reduced compared with that by
the reciprocal space for h > hcH. Therefore these two are
denoted by L(r)z /N and L
(k)
z /N, respectively, below. This re-
duction of the bulk orbital AM is expected from the previous
studies18–20 but not strong when h is small or α is large. This
mechanism and quantitative criterion are discussed later. We
also find L(k)z /N+Jz/N = 0 as in an electron-doped topological
SC44.
Owing to the presence of the SOIs, not the orbital AM `z
but the total AM iz = `z + jz is conserved. In the reciprocal
space, we can easily check
[`z,H~k] = − [ jz,H~k] = 2i[
√
3ξ2k(Γ3 cos 2φ − Γ4 sin 2φ)
+ αk( jx cos φ + jy sin φ)]τz, (10)
and [iz,H~k] = 0 for each ~k. Therefore the eigenstates are the
simultaneous eigenstates of iz. By summing up the eigenval-
ues of iz over the negative-energy eigenstates, we obtain the
bulk total AM I(k)z = L
(k)
z + Jz = 0. Such discussion holds
only when the negative-energy eigenstates are well defined,
namely, the system is gapped. In the real space, Eq. (9) is
rewritten as
L(r)z + Jz = −
1
2
`max∑
`=−1
(` + 3/2)
∑
i
[ f (−E`i) − f (E`i)]
+
1
2
`max∑
`=−1
(` + 3/2)
∑
i
∫ R
0
rdr[u2`i(r) − v2`i(r)]
= − 1
2
`max∑
`=−1
(` + 3/2)η`, (11)
by using the spectral asymmetry,
η` ≡
∑
i
[ f (−E`i) − f (E`i)]. (12)
This is similar to the previous results on chiral SCs5,18,19 but
is modified by the presence of the SOIs52. For C = −3 as
shown in Fig. 2(b), the non-PHS edge states cross E = 0 at
±(`F + 3/2)/R with `F being called the Fermi AM18, which
leads to the nonzero spectral asymmetry η` = −2 for 0 <
(` + 3/2)/R < (`F + 3/2)/R and reduces the bulk orbital AM
by ∆L(r)z = (`F + 2)2/2.
Differently from chiral SCs, the reduction of the bulk or-
bital AM depends on h and α through the Fermi AM. To see
this, we show the h and α dependences of the Fermi AM
normalized by N1/2 in Fig. 4 since we are interested not in
∆L(r)z but in ∆L
(r)
z /N. We find that the Fermi AM is large
enough to reduce the bulk orbital AM almost to zero for
(λ2L+h
2)/2λL < W−µ but is small in the opposite case, leading
to L(k)z /N ' L(r)z /N. Here λL ≡ m(2α/
√
3)2/(γ1 + 2γ2) is the
effective strength of the Rashba SOI for the light-hole bands.
The factor 2/
√
3 comes from the matrix elements in jx and jy.
This is because the sharp decrease of the Fermi AM around
α = 1 is accompanied by the Lifshitz transition in the normal
state. The lowest particle band is always one of the heavy-hole
bands with jz = +3/2, but the second lowest particle band
changes from the other heavy-hole band with jz = −3/2 to
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FIG. 2. Spectra for (a) h = 0.2 < hcH (C = 0), (b) hcH < h = 1 < hcL (C = −3), and (c) h = 2 > hcL (C = −4). We put α = 1.5.
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FIG. 3. (Color online) (a) h and (b) α dependences of the total spin Jz/N and the bulk orbital AM Lz/N. Symbols and lines are obtained by the
real and reciprocal spaces, respectively. In (a), the light and dark gray regions indicate the topological phases with C = −3,−4, respectively.
one of the light-hole bands with jz = +1/2 at h = W/2. In or-
der to realize the topological phase with C = −3, k = 0 of the
second lowest particle band should be above from the chemi-
cal potential. However, when the strength of the Rashba SOI
overcomes the Zeeman interaction, this light-hole band has
its minimum at k , 0, and hence the Lifshitz transition can
occur as shown in Fig. 5. The non-PHS edge states connect
the heavy-hole band with the antiparticle counterpart of the
light-hole band before the Lifshitz transition. Once the Lif-
shitz transition occurs, the non-PHS edge states connect the
heavy-hole band with the inner part of the antiparticle counter-
part of the light-hole band, which leads to the sharp decrease
of the Fermi AM.
The h and α dependences of the bulk orbital AM in the
reciprocal space L(k)z /N in a hole-doped topological SC can
be understood in the same way as those in an electron-doped
topological SC44. We translate the previous results for elec-
trons to heavy holes. To do this, we define the effective
strength of the Rashba SOI for heavy holes by λH ≡ mα2/(γ1−
2γ2). For the small SOIs 2λH(µ+W) + (3h)2 < ∆2H in the triv-
ial phase, the s-wave pairing potential is dominant, and hence
we obtain L(k)z /N ' 0. For λH < 3h in the topological phase
with C = −3, we expect L(k)z /N ' −3/2 from the ( f − i f )-
wave pairing potential. In between, L(k)z /N rapidly increases
even in the trivial phase since the s-wave pairing potential is
no longer dominant due to the Pauli depairing effect, and the
( f ∓ i f )-wave pairing potentials coexist. For the large SOIs
λH > 3h, spins are tilted in the xy plane, and L
(k)
z /N is sup-
pressed through the conservation law L(k)z + Jz = 0. Note
that L(k)z /N shown in Fig. 3(b) does not reach −3/2 even for
λH < 3h because the Zeeman interaction does not overcome
the other SOI γ2 = 0.3.
To summarize these results, the h dependence of the bulk
orbital AM is intriguing for the small SOIs as shown in
Fig. 3(a). First, the system is trivial due to the s-wave pair-
ing potential, and L(r)z /N = L
(k)
z /N is almost zero. Sec-
ond, the system is still trivial due to the coexistence of the
( f ∓ i f )-wave pairing potentials, and L(r)z /N = L(k)z /N rapidly
increases. Finally, the system turns into the topological phases
with C = −3,−4, and only L(r)z /N is strongly reduced by the
non-PHS edge states. Thus the h dependence of L(r)z /N in
a hole-doped topological SC is nonmonotonic in contrast to
that in an electron-doped topological SC. On the other hand,
for 2λH(µ + W) + (3h)2 > ∆2H, the system starts from the co-
existing region. In the topological phases, the reduction of
L(r)z /N does not work due to the Lifshitz transition in the sec-
ond lowest particle band and the sharp decrease of the Fermi
AM. Therefore the h dependence of L(r)z /N ' L(k)z /N is almost
monotonic and gradual since L(k)z /N = −Jz/N is suppressed
by the large SOIs λH > 3h.
V. DISCUSSION
So far, we have concentrated on the bulk orbital AM alto-
gether. Here we discuss how the PHS edge, non-PHS edge,
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FIG. 5. (Color online) Black solid line indicates the band structure for the BdG Hamiltonian Eq. (1), while red broken and blue dotted lines
indicate the electron and hole bands in the normal state, respectively. We set h = 0.5 and (a) α = 0.5, (b) α = 0.8, (c) α = 0.9, (d) α = 1.2.
Between (b) and (c), the Fermi AM shows the sharp decrease in Fig. 4(b).
and continuum states contribute to the bulk orbital AM sepa-
rately. The first and second lowest positive-energy eigenstates
are continuum states in the trivial phase and become one of
the non-PHS edge states and the PHS edge state, respectively,
in the topological phase with C = −3. We can reveal the ef-
fects of the PHS and non-PHS edge states more clearly by
decomposing the bulk orbital AM with respect to the index
of eigenstates around the topological phase transition. Equa-
tion (9c) is decomposed as
L(r)z =
∫ R
0
rdr`(r)z (r)
=
∫ R
0
rdr[`i=2z (r) + `
i=1
z (r) + `
i,1,2
z (r)]. (13)
Remember that we have 8Ng eigenstates labeled by i =
−4Ng + 1, . . . , 0, 1, 2, . . . , 4Ng, `i=2z (r), `i=1z (r), `i,1,2z (r) are
dubbed the PHS edge, non-PHS edge, and continuum con-
tributions, respectively, in the case of C = −3, as shown in
Fig. 2(b). In the case of C = 0 as shown in Fig. 2(a), all of
them originate from the continuum states.
In the context of chiral p-wave SCs, Tsutsumi and Machida
previously showed that the bulk orbital AM Lz/N = −1/2 con-
sists of LMJz /N = −1 from the PHS edge state and Lcontz /N =
1/2 from the continuum states and pointed out that these con-
tributions can be experimentally distinguished by controlling
the edge roughness12. Thus the PHS edge state is expected to
play an important role for the bulk orbital AM. As shown in
Ref. 44 and Fig. 3(a), the bulk orbital AM increases in the triv-
ial phase and does not jump at the topological phase transition
apart from the reduction by the non-PHS edge states, which
indicates that the continuum contribution may change its sign
from negative to positive at the topological phase transition.
First, we carry out a similar analysis for an electron-doped
topological SC, which is designed to be a chiral p-wave SC
with use of the Rashba SOI39–41, in order to compare with a
7chiral p-wave SC and a hole-doped topological SC of our in-
terest. We set α = 0.1 to focus on its chiral p-wave behavior
and change h around the phase transition point hc = 0.61. See
Ref. 44 for the Hamiltonian and the other parameters we set.
In Fig. 6, we show the radial distributions `i=1z (r) and `
i,1
z (r).
For C = −1, the PHS edge contribution `i=1z (r) in Fig. 6(b)
and the continuum contribution `i,1z (r) in Fig. 6(c) are neg-
ative and positive, respectively, which is consistent with the
previous result obtained by the quasiclassical Eilenberger the-
ory12. However, we cannot find any significant difference be-
tween before and after the topological phase transition. The
i = 1 eigenstate, which goes down toward E = 0 and turns
into the PHS edge state for h > hc, is already localized at the
edge even for h < hc and has the negative orbital AM. There-
fore, as LMJz /N from the PHS edge state in a chiral p-wave
SC is expected to be fragile against the edge roughness12, not
only the orbital AM from the PHS edge state in the topologi-
cal phase but also that from one of the continuum states in the
trivial phase is expected to be fragile.
Now let us move on to a hole-doped topological SC. Fig-
ure 7 shows the radial distributions `i=2z (r), `
i=1
z (r), `
i,1,2
z (r).
We set α = 0.7 to avoid the accidental gap closing at k , 0
and to focus on its chiral f -wave behavior. In Fig. 7(b), the
orbital AM of the i = 2 eigenstate, which turns into the PHS
edge state for h > hcH, shows no significant difference be-
tween before and after the topological phase transition as in
an electron-doped topological SC. On the other hand, the ra-
dial distribution from the i = 1 eigenstate, which goes across
E = 0 and turns into the non-PHS edge state for h > hcH,
discontinuously decreases at the topological phase transition.
This decrease is associated with the discontinuous reduction
of the bulk orbital AM ∆Lz > 0. Note that the radial distri-
bution is not positive because this eigenstate has the negative
orbital AM even in the trivial phase similar to the i = 2 eigen-
state. Thus the effect of the non-PHS edge states can be found
not in the radial distribution itself but in its change at the topo-
logical phase transition.
VI. SUMMARY
In conclusion, we have investigated the bulk orbital AM
in a two-dimensional topological SC which is composed of a
hole-doped semiconductor, a ferromagnet, and an s-wave SC
and is characterized by C = −3. We have obtained L(k)z /N by
using the Green’s function formula of the Hall viscosity in the
reciprocal space and L(r)z /N by solving the BdG equation on a
circular disk.
Our findings are as follows: (1) Before the topological
phase transition, L(r)z /N = L
(k)
z /N starts to increase as in an
electron-doped topological SC44. (2) For λL < W − µ, L(r)z /N
is reduced from L(k)z /N almost to zero owing to the non-PHS
edge states with the large Fermi AM, which is expected from
the recent studies on chiral SCs with ` > 118–20. As a conse-
quence, L(r)z /N is nonmonotonic as a function of the Zeeman
interaction. (3) In the opposite case, the Fermi AM of the
non-PHS edge states becomes small associated with the Lif-
shitz transition in the normal state, and the reduction of the
bulk orbital AM does not work. (4) This effect competes with
the other effect to tilt spins and suppress the bulk orbital AM.
Thus a hole-doped topological SC offers an experimentally
feasible stage to investigate the bulk orbital AM in chiral f -
wave SCs and the interesting deviations due to the SOIs.
Finally, let us comment on other models of two-
dimensional topological SCs previously proposed. SOIs are
the most important ingredients throughout this paper, which
make the system topological and modify the conserved quan-
tity. The models without use of SOIs34,35,38 are out of our
scope. The explicit form of the conserved quantity depends
on the details of the system as studied in Ref. 52, but it is
given by Lz + S z at least for the models in Refs. 31 and 33.
Therefore we expect that our findings (1), (2), and (4) above
are generic for these models with C > 1. On the other hand,
our finding (3) is quite specific to a hole-doped topological
SC which makes use of j = 3/2 holes. We also note that the
Fermi AM and the reduction of the bulk orbital AM can be
controlled by a confinement potential52.
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